Rayleigh-Taylor Instability of a Plasma in Presence of a Variable Magnetic Field and Suspended Particles in Porous Medium by Sunil & Chand, T
IndianJ. Phys. 71B (1), 95-105 (1997)
I J P  B
— an international journal
R a y le ig h -T a y lo r in s ta b ility  o f  a p la sm a  in  p resence o f  
a v a ria b le  m a g n e tic  f ie ld  and  suspended p a rtic le s  in  
porous m e d iu m
Sunil
Department of Applied Sciences, Regional Engineering College.
Hamirpur-177 005, India
and
T Chand
Department of Mathematics, Himachal Pradesh University, 
Summer Hill, Shimla-171 005, India
Received 16 May 1996, accepted J December 1996
Abstract : The Rayleigh-Taylor instability of a plasma in a porous medium is considered 
in the presence of a variable horizontal magnetic field and suspended particles. The case of two 
uniform fluids separated by a horizontal boundary and exponentially varying density, viscosity, 
magnetic field and particle number density are considered. In each case, the magnetic field 
succeeds in stabilizing waves in a certain wuve-number range, which were unstable in the 
absence of magnetic Field, whereas the system is found to be stable for potentially stable 
configuration/stable stratification. The growth rate both increase (for certain wave numbers) and 
decrease (for different wave numbers) with the increase in kinematic viscosity, medium 
permeability and particle number density. The medium permeability and suspended particles do 
not have any qualitative effect on the nature of stability or instability. This is in contrast to the 
thermal instability (B£nard convection) problem in porous medium, where the medium 
permeability and suspended particles have a destabilizing effect
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1- Introduction
The stability derived from the character of the equilibrium of an incompressible heavy fluid 
variable density (i.e. of a heterogeneous fluid) is termed as Rayleigh-Taylor instability. 
Meniion may be made of two important special cases : (a) two fluids of different densities 
‘'Uprrposed one over the other; (b) a fluid with a continuous density stratification. The 
‘^ lability of the plane interface separating two fluids when one is accelerated towards the
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other or when one is superposed over the other, has been studied by several authors, and 
Chandrasekhar [1J has given a detailed account of these investigations in non-porous 
medium.
Generally, it is accepted that comets consist of a dusty 'snowball' of a mixture of 
frozen gases which in the process of their journey, changes from solid to gas and vice versa. 
The physical properties of comets, meteorities and interplanetary dust strongly suggest the 
importance of porosity in astrophysical context (McDonnel [2]). In stellar interiors and 
atmospheres, the magnetic field may be (and quite often is) variable (and non-uniform) and 
may altogether alter the nature of the instability. When a fluid permeates a porous material, 
the gross effect is represented by the Darcy's law. As a result of this macroscopic law, the 
usual viscous term in the equations of fluid motion is replaced by the resistance term 
(-p lk\) u where fi is the viscosity of the fluid, k\ is the permeability of the medium andu is 
the Darcian (filter) velocity of the fluid, calculated from Darcy's law. Wooding [3] has 
considered the Rayleigh instability of a thermal boundary layer in flow through a porous 
medium.
Recent spacecraft observations have confirmed that dust panicles play an important 
role in the dynamics of the Martian atmosphere as well as in the diurnal and surface 
variations in the temperature of the Manian weather. It is therefore, of interest to study the 
presence of suspended (fine dust) particles in astrophysical situations. In geophysical 
situations, more often than not, the fluid is not pure but may instead be permeated with 
suspended (or dust) particles. Scanlon and Segel [4] studied the effect of suspended 
particles on the onset of Bdnard convection and found that the critical Rayleigh number was 
reduced solely because the heat capacity of the pure gas was supplemented by that of the 
particles. Sharma et al [5] considered the effect of suspended particles on the onset of 
Benard convection in hydromagnetics. The thermal instability of fluids through a porous 
medium in the presence of suspended particles has been studied by Sharma and Sharma [6] 
The effect of suspended particles and medium permeability were found to destabilize the 
layer. Sharma and Sunil [7] have studied the Rayleigh-Taylor instability of a partially 
ionized plasma in a porous medium, in the presence of a variable magnetic field. In another 
study, Sharma and Sunil [8] have considered the thermal instability of compressible Hall 
plasma in the presence of suspended particles. Recently, Sharma and Sunil [9] have studied 
the thermal instability of Oldroydian viscoelastic fluid with suspended particles in 
hydromagnelics in porous medium.
The el feet of suspended particles on the stability of superposed fluids might be of 
industrial and chemical engineering importance. Further motivation for this study is the fact 
that knowledge concerning fluid-particle mixtures is not commensurate with their industrial 
and scientific importance. The present paper is devoted to the consideration of Rayleigh’ 
Taylor instability of a plasma in the presence of a variable horizontal magnetic field and 
suspended particles in porous medium.
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2. Basic equations
Consider a static state in which an incompressible plasma particle layer of variable density 
is arranged in horizontal strata and the pressure p and the density p are functions of the 
vertical coordinate z only. The character of the equilibrium of this initial static state is 
determined by supposing that the system is slightly disturbed and then following its further 
evolution. The fluid is under the action of gravity g  (O, O , - g )  and the variable horizontal 
magnetic field H  (//0(z), O , O). The particles are assumed to be non-conducting. This 
plasm a particle layer >s assumed to be flowing through an isotropic and homogeneous 
porous medium of porosity e  and medium permeability k\.
Let A M P  and u (u, v, w ) denote respectively, the density, the viscosity, the 
pressure and the velocity of the hydromagnetic plasma, V ( x , t ) and N ( x , / )  denote the 
velocity and number density of the particles, respectively. K = 6apt], where rj is the particle 
radius, is a constant and x  = (x, y, z )■ Then the equations of motion and continuity for the 
h y d iW a g n e tic  plasma are
1------1
A>-1
^+
i____i = -V p + pg + ^ ( V x B ) x t f
p  KN/ v  ,
-  T *  + T 0 )
V.u = 0, (2)
where pe, the magnetic permeability, is assumed to be constant and the plasma is assumed 
to the infinitely conducting.
Since the density of a particle moving with the plasma remains unchanged, we have
+ (tt.V)p = 0.
at (3)
The Maxwell's equations give
E— ~ = (/f.V)« -  (b .V)W, 
dt
(4)
V.H =0. (5)
The presence of particles adds an extra force term, proportional to the velocity difference 
between particles and plasma and appears in equations of motion (1). Since the force 
exerted by the plasma on the particles is equal and opposite to that exerted by the particles 
on the plasma, there must be an extra force term, equal in magnitude but opposite in sign, in 
the equations of motion for the particles. The buoyancy force on the particles is neglected. 
Interparticle reactions are not considered for we assume that the distance between particles 
ls quite large compared with their diameter.
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The equations of motion and continuity for the particles, under the above 
approximations, are
mN — + ~(V.V)V
dt £
KN(u -  V), (6)
+ V .(W ) = 0. (7)
dt
where mN is the mass of the particles per unit volume.
Let dp, dp, u (u, v, w ), V (l, r, s ) and h (hx, hv, hz) denote, respectively, the 
perturbations in the hydromagnctic plasma density p (z), pressure/? U), plasma velocity u 
( 0 , 0 , 0  ), particle velocity V (O, O, O ) and the magnetic field H (H (z), O, O ). Then, the 
linearized hydromagnctic perturbation equations governing the motion of the plasma 
particle layer through porous medium, arc
= - V8p+gdp+  j^ [(VxA)xH+ (Vx//)xA]
£ at 4 h
V ^ K N ,V . (8)
V.u = 0. (9)
U
e —  = (H.V)u - (ii.V)tf, (10)
dt
VJi = 0 (11)
m d 
~K~di + 1 ( 12)
In addition to eqs. (8)-( 12), we have the equation
d -
(13)
which ensures that the density of every particle remains unchanged as we follow it with its 
motion.
3. Dispersion relation
Analysing the disturbances into normal modes, we seek solutions whose dependence on x, \ 
and t is given by
exp(i/^jt + ikYy +'«/), (14)
where are the horizontal components of the wave number, k = (k* is lb®
resultant wave number, and n is the growth rate which is, in general, a complex constant.
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Eliminating V between (8) and (12) and using (14), (8M13) gives
[" - ikzSP + J%hz(DHo)'
+ -UCfSp+Pj^fahy-ikyh,),
[ " ' + % }»  = ~DSp~ gSp + t 4 ^ [ ik^  ~ Dh‘ -  h'  T ^ }
ikxu + ikyv + Dw =  0,
ikxhx +  ikyhy + Dhz = 0,
enhx =  ikxH0u -  w(DH0),
enhy =  ikxH0v,
enhz = ikxHQw, 
£nSp = -  vv(Dp),
where n = -  1 +
e l
and D = — .
dz
, v =  a ,
p
Eq. (16) with the help of (20) and (21) becomes
n' + j -  \pv = -  ik Sp + - r—°- (ik H0£ + ik wDH0 ), t  r > 4 jtEn y
05)
(16)
(17)
( 18) 
0 ») 
(20) 
(21) 
(22) 
(23)
(24)
where C,-ikxv -  ikyu is the z-component of vorticity.
Multiplying (15) by -ik„ (24) by -iky, adding and using (18), we obtain
n + i \ > D"  = - ^ + t£ j £ r C + - T i s r < DH*>"
iu k  
4 it
+!L!!Ld(h*)Dw+2¥-(Dp )w = o.
4 nen —£R
(25)
Eliminating Sp between (17) and (25) and using (18M23), we get
1 u. H2^ 2
n'[D(pDw) -  fc2pw]+— [D(pvDw) - fc2pvw] + * (D2 - fc2 )vv
(26)
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4. Two uniform plasmas separated by a horizontal boundary
Consider the case when two superposed plasmas of uniform densities p, and p2, uniform 
viscosities Pi and and uniform magnetic Fields H0l and HQ2 are separated by a horizontal 
boundary at z = 0. The subscripts 1 and 2 distinguish the lower and the upper plasmas 
respectively. Then, in each region of constant p, p and //, eq. (26) reduces to
(D2~k2) w = 0. (27)
The general solution of (27) is
w = Ae +kz + Be ~kz, ( 2 8 )
where A and B are arbitrary constants.
The boundary conditions to be satisfied here are :
(i) The velocity w should vanish when z -> 00 (for the lower plasmas) and z —» + «.
(for the upper plasmas)
(li) w (.-) is continuous at z = 0.
(iii) The pressure should be continuous across the interface.
Applying the boundary conditions (i) and (ii), we have
£Ui =Ae*k\  (:<()), (29)
«Js = A** (; > 0). (30)
The same constanl /) heinj; chosen lo ensure the continuity at c = 0 
The continuity of pressure implies that
,i,Al)( p D w H ~ \ ( p v D w )  + ^ - A 0(.H^Dn) + ^ - A  (p)w = 0. (31) 
A, Anen €n u  r  ”
Applying the condition (31) to the solutions (29) and (30), we obtain
’ K{'  mN'\ e , ,
“
[m l: +t ,) + ^ - (« |V' l + «2V2)
n2 + £ K ,  v------or. v. + a 1v~)
ik, 1 1 2 21
[ 2kt VA~Rk }]" + — [2k* vl  ~gk(a2 - a ,) ]  = 0, (32)
where
P\+p*
1.2
Pi.i '
For the sake ol simplicity, we assume that the Alfvdn velocities of the two plasmas are the 
same, so that
V2 = _ Pr^m
*  4  f f ( p , + p 2 )  4 j r ( p ,  + p 2 )
(33)
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{,,) Stable case (p, > P2)
For the potentially stable case, 0f| > 0^  and eq. (32) does not involve any change of 
and so does not allow any positive root. The system is therefore, stable.
(/,) Unstable case (p2 > Pj)
For the potentially unstable case, if
2k2V\ > gk(a2- a {), (34)
(12) docs not admit any change of sign and so has no positive root. Therefore, the system is
si a  h i e .
If 2k*V* < gk{a2 - a , ) ,  (35)
I h e  constant term in (32) is negative. Eq. (32) therefore, allows one change of sign and so 
has one positive root. The occurrence of a positive root implies that the system is unstable.
Thus for the unstable case (p  ^ > p,), the system is stable or unstable according as 
is greater than or smaller than gk (p2 - p i) In the absence of a magnetic field, (32) 
l u s  one positive root, and so the system is unstable for p1 > p,. But the magnetic field has 
g o t a  stabilizing effect and completely stabilizes the wave-number band k > k \  where
k
27ig(p2 - p ,)
sec2 0, (36)
and 0is the inclination of the wave vector k to the direction of the magnetic field H i.e.
/, = k cos 0.
5. The case of exponentially varying density, viscosity, magetic field and particles 
number density.
hq (26) can be written as
n'[D(pDw) -  k2pw] + ^ -[D(pvDw) -  k2pvw\ + (Dp)w
+ ^ - D ( H l D w ) ~ ^ ,kxH°k w = 0,
4 JT6/I 47T£n
(37)
U'l us assume
p = p0e^z, N = NQePzt 
fi =  H0eP \ H *(z ) = W|2ef t , (38)
wheic p )t /V0’M)> and /Jare constants. Eqs. (38) imply that the coefficient of kinematic 
viscosity vand the AlfvSn velocity VA are constants everywhere.
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Substituting the values of p, N, jj, H2 in (37) and neglecting.the effect of 
heterogeneity on inertia, we obtain
n ' I
0^ ki voEn
{D7 _ k, )w + ^ = ^
vnen
(39)
Hjl
P o ‘
Consider the case of two free boundaries. The boundary conditions for the case of two free 
surfaces are
a) = D2(d = 0 at z = 0 and z -d .  (40)
The proper solution of (39) satisfying (40) is 
niitzw = >4 sin -
d
where A is a constant and m is any integer.
Substituting (41) in (39), we obtain the dispersion relation
g p cV  1 k*V\ ---+ ---- 1--- ---— ---- +kvn kt v0en _{ d J
= 0.
Letting ( - ^ ) 2 +k2 = L, the above equation on simplification, becomes
n ' + K ' m^n 1 + ----2. + evo n2 + ^0
m P» ) *. . .*1 m { * A L )
+ - 1 * ^  
ml ‘ 4
gpk2 = 0.
(41)
(42)
(43)
(a) Stable stratification (ft < 0) v
For the stable stratification (ft < 0). Eq. (43) does not admit any positive root of n and so 
the system is always stable for disturbances of all wave numbers.
(b) Unstable stratification (ft >0)
For the unstable stratification (/J > 0), the system is stable or unstable according as
gPk2C-V]X > or < (44)
In Ihe absence of magnetic held, the system is clearly unstable for P > 0. However, the 
system can be completely stabilized by a magnetic field as can be seen from (44), if
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Therefore, the magnetic field succeeds in stabilizing wave numbers in the range
k2 > (46)
which were unstable in the absence of a magnetic field.
The medium permeability and suspended particles do not have any qualitative effect 
on the nature of the stability or instability. This is in contrast to the thermal instability 
Bcnard convection in porous medium where the medium permeability and suspended 
particles have destabilizing effect. Thus, if
j3>0 and^V j < (47)
fiq (43) has one positive root. Let n0 denote the positive root of (43).
Then n^ +
mNn 
1 +  — ^ 
P o )
£Vn
"o2 + 502.1+k, m
+ - i « -  L
gflk1 = 0 (48)
To study the behaviour of growth rate of unstable modes with respect to viscosity, medium 
permeability and particle number density, we examine the natures of and ^
jnalylically. Eq. (48) yields
(51)
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II is evidenl from (49) and (51) that if, in addition to k 2 which is a sufficient
condition for instability, we have the condition
k i v i < 3 ni + 2nft j —
f mN,,> 
1 + ----2- + £V ol+ £ ^ £
' 4 L 0 ° |/n  ^ Po > kx J k { m
ifl. and jjfiL arc always negative. The growth rates therefore, decrease with increase in
viscosity and particle number density. However, the growth rates increase with increase in 
viscosity and particle number density, if
k2v \ - g^ 2 > 3 nl +2
K f > 1+----2- + £ i | + £ ^ £
1 A L 0 0 m k. Po ) t, J kt m
for then ^  and ^  are positive.
Similarly if the inequality (52) holds good, then ^  is positive. Therefore, the growth rates
increase with increase in medium permeability. However, if the inequality (53) holds good, 
then ^  is negative then, the growth rate decrease with increase in medium permeability.
6. Conclusion
In geophysical situations, more often than not, the fluid is not pure but may instead be 
permeated with suspended (or dust) particles. Recently, dusty plasma have become the 
subject of intensive investigations [10-14], Now a days, it is well recognised that the dust 
particles suspended in a plasma acquire a significant amount of charge and this brings a 
dramatic change in the overall dynamics of the system. Charged suspended particles in a 
plasma often exist in the Universe and there are several situations in which the interaction 
between the charged dust and plasma components becomes important in cosmic physics, 
astrophysics and industrial plasma. Here, we have considered only heat capacity of the 
suspended parliclcs/dust without taking into consideration of charge on it. Also we assume 
that the distances between the particles are quite large compared with their diameter so that 
the interparticlc reactions are ignored. The effect of pressure, gravity and Darcian force on 
the particles arc negligibly small and therefore, ignored. Stromgren [15] has reported that 
ionized hydrogen is limited to certain rather sharply bounded regions in space surroundings, 
for examples, O-type stars and clusters of such stars, and that the gas with dust particles 
outside these regions is essentially non-ionized. Other examples of such situations are given 
by Alfvdn's [16] theory of the origin of the planetary system, where a high ionization rate is 
suggested to appear from collisions between a plasma and a neutral dust cloud and by the 
absorption ol plasma waves duelo ion-neutral collisions, such as, in the solar photosphere 
and chromosphere and in cool interstellar clouds [17,18].
The present paper attempts to study the Rayleigh-Taylor instability of a plasma in 
presence of a variable magnetic field and suspended/dust particles in a porous medium* We
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conclude the whole analysis with the following statements. Here, the cases of two uniform 
plasma separated by a horizontal boundary and exponentially varying density, viscosity, 
magnetic field and particle number density are considered; and in each case, the magnetic 
field succeeds in stabilizing waves in a certain wave number range which were unstable in 
ihe absence of magnetic field, whereas the system is found to be stable for stable 
configuration/stable stratification. The medium permeability and suspended particles do not 
have any qualitative effect on the nature of the stability or instability. This is in contrast to 
ihe thermal instability (Bdnard convection) problem in porous medium, where the 
suspended particles and medium permeability have a destabilizing effect. The growth rate 
both increase (for certain wave numbers) and decrease (for different wave numbers) with 
increase in viscosity, medium permeability and particle number density.
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